Morse Theory for Geodesies in Conical Manifolds 
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Abstract 

The aim of this paper is to extend the Morse theory for geodesies to 
the conical manifolds. In a previous paper |15| we defined these manifolds 
as submanifolds of with a finite number of conical singularities. To for- 
mulate a good Morse theory we use an appropriate definition of geodesic, 
introduced in the cited work. The main theorem of this paper (see theo- 
. 3.6 section|3| proofs that, although the energy is nonsmooth, we can 



find a continuous retraction of its sublevels in absence of critical points. 
So, we can give a good definition of index for isolated critical values and 
for isolated critical points. We prove that Morse relations hold and, at 
last, we give a definition of multiplicity of geodesies which is geometrical 
meaningful. In section [S] we compare our theory with the weak slope ap- 
proach existing in literature. Some examples are also provided. 
MSG Numbers: 58E05; 49J52; 58E10 

Keywords: Geodesies, Morse Theory, Nonsmooth Analysis, Nonsmooth 
Manifolds 



1 Introduction 

In a previous work [15 we introduced conical manifolds as submanifolds of M", 
giving the following definition: 

Definition 1.1. A conical manifold M is a complete n-dimensional sub 
manifold of M'" which is everywhere smooth, except for a finite set of points V. 
A point in V is called vertex. 

These kind of manifold have many common features with other singular 
manifolds present in literature, as the Cone-manifolds studied by Hodgson and 
Tysk [T7], the piecewise linear manifolds (see, e.g or the Orhifolds 

( O El [23] ) ; in [16] these links are briefly examined. 

Furthermore, the geodesic problem on a singular manifold is studied by 
Degiovanni and Morbini, in 12i. In section [5] we will point out the common 
feature and the main differences between our approach and the Degiovanni and 
Morbini one. 

In our previous work we gave the following definition of geodesic, which 
seems to be appropriate for these kind of problems ([HI Definition 2]). 

Definition 1.2. A path 7 e i?^'^([0, 1], M) is a geodesic iff 

• the set T = := {s e (0, 1) : 7(5) € V} is a closed set without internal 
part; 
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• Dsj' = Vs e [0, 1] \ T; 

• |7'p is constant as a function in L^. 

By this definition, we were able to prove a deformation lemma that allows us to 
apply the main theorems of the calculus of variation in the large. In particular 
we can estimate the number of geodesies using the Ljusternik-Schnirclmann 
theory ([El Theorem 1]). 

In this work we will associate to each geodesic 7 an index 1(7) similar to 
the Morse index, that allows us to obtain some information on the qualitative 
properties of the geodesies. By this index we state also an analogous of the 
Morse relations that hold in the smooth case. 

As usual, given p,q & M, we set 

n - np^g := {7 e W'^^iiO, 1],M")|7(0) = p, 7(1) = «,7([0, 1]) C M} , 
the suitable path space, and a functional 

E-.n^R (1) 

1 

E{l) = J h'fdt. (2) 


Moreover we set 

n^^ni^ ■.^{jen,E{j)<c}. 

Under suitable assumption, if M is a generic smooth manifold, we know that 
the following Morse relations hold. 

J2 A'"(^) = Px{n% n") + (1 + A)Q,. (3) 
J2x"<'f) ^P^{n) + il + X)Qx. (4) 

K 

where K is the set of geodesies, Px{X,Y) is the Poincare polynomial (in the 
variable A) of the couple {X, Y) , Q\ is a formal series with coefficient in N U 
{+00}, and m(7) is the Morse index of the geodesic 7, i.e. the signature of 
the second variation of the energy. Furthermore, if we take a geodesic 7 s.t. 
E{'-f) = c and il^^e H X = 7 for some e > 0, then we have that 

(for some references on Morse theory the reader can check, for example [TO] . 

HEllll.Ii)- 

Coming back to conical manifold, the usual definition of m(7) makes no sense 
since the energy is not differentiable. However, under suitable assumptions, we 
can define the index of a geodesic as the formal polynomial 

^(7) = PA(^!^+^^^^-^), (6) 
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according to ([s]). In this case the Morse relations ([s]) and Q become 



^ ^(7)=PA(^^^^!'') + (l + A)Qv (7) 



Knn'' 



^i(7) = Pa(^^) + (1 + A)Qa. (8) 
if 

In this work we prove that is a good definition, i.e. does not depends on e 
and that ^ and ^ hold. 

We have also that, while in a smooth manifold, for a generic geodesic, ^(7) 
is a monome in A, for a geodesic in a conical manifold this is not true. Then we 
have introduce the multiplicity of a geodesic (Definition 4.51 as 

mult(7) =i(7)|a=i. (9) 

we show some examples in which an high multiplicity, or a multiplicity of a 
geodesic occurs. 

Also, the definition of index that we give, allows us to make a comparison 
between our approach to conical manifold and the approach of Degiovanni, 
Marzocchi and Morbini (Section [5|, which is based on the concept of the weak 
slope (see [3 13 EHl E]), and was presented in P^ITS] 



2 Preliminary Results 

In this section we present some peculiarities of the study of geodesies in conical 



manifold, which motivate Definition 1.2 Also, we resume briefly some result 



contained in |15j which will be useful for this paper. 

Usually there are two ways to introduce geodesies in a smooth manifolds: at 
first we can formulate a Cauchy problem, i.e., given p e A/, v G TpM, we look 
for a continuous curve "f : I ^ M s.t. 

Dsl' - 0; 

7(0) =p; (10) 
7'(0) = V. 

Otherwise we can choose a suitable path space and an energy functional, for 
example, the space fl and the functional E previously defined, and we look for 
critical points of the energy. 

Contrarily to the smooth case, these two methods are not equivalent for 
manifolds which have conical singularities, and each one of them have some 
peculiarity. If we try to solve the Cauchy problem we have neither uniqueness 
nor continuous dependence from starting condition: David Stone (see [21], [22] ) 
showed that there are piecewise linear manifold with a vertex p (indeed a special 
case of conical manifolds) in which, given a point q, there is a family of minimal 
geodesies solving ([lO]) that are the same straight line between q and p, then 



start again from p with different angles. So (10 1 has many solutions, and there 
is no reasonable criterion to choose one of these geodesies instead of another. 

Now, taken an Euclidean half cone, we can represent it as a circular sector 
in a plane, in which the straight edges are identified. Taking p on these edges, 
we represent the geodesies as straight lines starting from p. In Fig. [l]we show 
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Figure 1: Geodesies starting from a point. 



two sequence of geodesies, respectively the continuous and the dotted lines, 
approaching the edges of the circular sector. It is easy to see that a dotted and 
a continuous line can not be too close, even if they approach the geodesic which 
start from p and goes to the vertex. Even in a familiar case we are not able 
to say how can a geodesic pass through the vertex, in order to have continuous 
dependence from initial data. 

Also, if we take two points, say p and q, symmetrical respect to the vertex, we 
can say that there are always two minimal geodesies joining them, even if p and 
q arc as close as we want; so it is not possible to define a normal neighborhood 
of the vertex. Thus we can not hope to define a global exponential map. 

The functional approach, on the contrary, gives us an easy result on minimal 
geodesies. To finding minima is useful to extend E in the whole space 



and to look at minima of E with the constraint Im(7) C M; in this way we 
know that E is lower semi continuous for the W^'^-weak topology and the set 
{7I7 e n W^^^, \\^\\w^'^ < c} is weakly compact in W^^^, because M is 
complete: then the problem 



W^;^ := {7 e W''\[0,im\ 7(0) =p, 7(1) = q} 



(11) 




(12) 



has a solution, and we can formulate the following theorem. 



Theorem 2.1. Let M be a conical manifold; letp,q € M. 
Then, the energy functional 



E '. ^p^q — ^ 



1 



(13) 



E{j) = j\wrdt. 







has a minimum. 



Proof. Just proved. 



□ 
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However, this approach is not completely useful, because the energy is not 
smooth, so there is no easy way to define a critical point of energy different 
from minimum. In the cited work we gave a generalized definition of geodesic 
(Definition 2) which seems to be the right one for these kind of problems. 

In fact, although this is a local definition, it let us show two deformation 
lemmas typical of the calculus of variation in the large f |15l Theorem 2 and 
Theorem 7]). This lemmas are crucial for this work and are briefiy recalled 
here. In the next section we will provide also some sketch of the proof of these 
results. 

Lemma 2.2 (First deformation lemma). Let M he a conical manifold, and let 
p,q S M. Suppose that there exists c > s.t. there are a finite number of 
geodesies with energy lesser than c. Suppose also that there are no geodesies 
which energy is in the strip [a, b] for some a, 6 G K, a < 6 < c. Then fi" is a 
deformation retract of fi'' . 

Lemma 2.3 (Second deformation lemma). Let M be a conical manifold, p,q G 
M . Suppose that there exists c > s.t. there are a finite number of geodesies 
with energy lesser than c. Suppose also that there are no geodesies which energy 
is in the strip [a, b) for some a, 6 € M, a < b < c. Set ki, the set of b-energy 
geodesies, then there exists a neighborhood U of s.t. 

rj'' \ [/ ~ n"-. 

These results link the topological structure of sublevels of E with our defini- 
tion of geodesies and allow us to consider geodesies as critical points of energy. 
By these lemmas, in the cited work we proved an estimate on the number of 
geodesic in a conical manifold, via the Ljusternik-Schnirelmann theory. In this 
paper these lemmas allow us to prove that the definition of the index 1(7) is a 
good definition. 



3 Morse Theory For Critical Levels 

In order to define the index of a critical point and of a critical level, we recall 
the definition of Poincare polynomial 

Definition 3.1. Let H* the Alexander-Spanier cohomology with coefficient in 
a field F. For every pair {X, A) of closed spaces, the Poincare polynomial is the 
formal series in the variable A (with the convention that X°° — 0) 

CO 

Pa(^,AF) =Pa(X,A) =^dimi?«(X,AF)A''. (14) 

9=0 

Moreover, we set 

Fa(^,F) :-Pa(^,0,F). (15) 

For the main properties of the formal series we refer to [1]. We use the 
Alexander-Spanier cohomology (see [5D] for an exhaustive treatment) to define 
the index of a geodesic because we need its continuity property (recalled in 



Theorem 4.2 1 to prove Theorem 4.3 
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Definition 3.2. Given p,q E M, suppose that there exists a c s.t. fl'^ contains 
a finite number of geodesies. Let c < c. Set, as usual kc the set of c-energy 
geodesic, we define the index of kc as 

^(fc,)=PA(^7^+^^7--^), (16) 

for e sufficiently small. 



In order to prove that 3.2 is a good definition, we need to show now that 
there exists e s.t. Vei < £2 < £ 

In order to prove it, we show that retracts on fi'^+'^i and that 



retracts on Q'^ . This is possible by the deformation lemmas (2.2 and 2.3) 



cited previously. Here we recall shortly the main tools of the proof. 

We choose es.t. [c — e,c + e] contains only c as critical value. We start 
defining some special subset of i^c+e2 (^'-'^ ^c-ll '^^ "^'^^^ ™ same way). 
Let 

s = {7 e ^Ull ' s.t. Im7 nv^d}} (17) 

(we recall that V is the set of vertexes). If 7; is a geodesic in r2'^+^, let 

= {7 G I] s.t. 7 — 7,; up to affine reparametrization }. (18) 
Lemma 3.3. is compact for all i 

Proof. The proof is not difficult and can be found in (^ [151 Lemma 3]) □ 

By the compactness we can prove the following lemma. 

Lemma 3.4 (existence of retraction in IJ^ E,j). There exist i? D IJ - E^, t/, f e 
and 

riR-.Rx [0,t]^H\l,M) 

a continuous function s.t. 

. EimW,t))~E{P)<-iyt 
for all t e [0,t], p e R. 

Proof. The proof is quite technical, and is based on a modification of Degiovanni 
and Marzocchi techniques. For the details we refer to ([13 Lemma 4]) □ 

We can prove also a deformation result that is in some sense the comple- 
mentary of the previous lemma. 

Lemma 3.5. For any U D IJj E^ there exist i,v E IR+ and a continuous func- 
tional 

i^u--^lXl\-^Ux[Q,t]~>^lXl\ 

such that 



w(-,0) = M 
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. E{rju{f3,t))-E{(3)<-ut 
for all t e [0, t], for all /3 G n'^XH \ U 

Proof. We use that for every 7 G S \ J7 we can find a vector field w-y s.t. 
dE{'j)[w^] exists, although the energy is not smooth. Moreover, outside S 
the energy can be differentiated, so we can use pseudo gradient vector field 
construction and we find the wanted retraction (for all details see [151 Lemma 

51) □ 



From Lemma [3.4| and Lemma [3. 5 1 we get the following result, which states 
that Definition |3.2| is a good definition. 



Theorem 3.6. Let M be a conical manifold, letp,q G AI be s.t. E admits only 
a finite set of critical points under a certain level c. Let c < c be a critical level. 
There exists an e > s.t., for any ei,£2 < we have that 

Pxin'=+^\n''-^') = Px{n''+^^,n'=-^^). (19) 

Proof. Because there are a finite number of critical points, we can choose e s.t. 
[c — e,c -\- e] contains only c as critical value. Chosen ei < £2 < £, we want 
to retract on fJ^+'^i and ^"-^^ on Defined as before E and 

in r^c+e?! note that for i ^ j then E; n Ej = 0, because the geodesies 7^ 
and 7j are distinct. Set N the number of critical points under the level c + £, 
we can find a neighborhood i? D |J E, and a retraction as in Lemma |3.4 



N 

Furthermore, for every U D [j T,i there exists a retraction r]u on i^c+ej \ C/ in 

1=0 

analogy with Lemma [3.5[ We choose U s.t. there exists V a neighborhood of 
y Ei with 



<ZV C R. 



For the sake of simplicity we will suppose that rju and rjn are defined for < 
t < 1 and that v is the same for both of them. Let 9i : fl'^'^'^^ [0,1] be a 
continuous map s.t. 

Then we define a continuous map 

/.ti : X [0, 1] ^ (20) 

tii{p,t)=r,uW,9i{m; (21) 
we know that £'(^i(/3,t)) - E{f3) < -1/^6*1 (/3), so 

Ail(^^'=+''^l) c V u n''+^^-'' , 

in fact if Hi{l3,t) ^ V for all t, then E{^i{f3,t)) - E{/3) < -vt, so Hi{l3,l) G 

By /ii we have retracted fi'^^^^ on fi'^+^^-i^ y ^qt^ -^g define a continuous 
map 6*2 : ^""^"^ [0, 1] s.t. 

Oi\n'=+'2 = 1; 
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Then set 

^i2■■vu X [0, 1] ^ ^1"+^^, (22) 

^l2W,t)=f^RiP,92W)t)■, (23) 
/i2 is a continuous map that retracts VU fi^+'^^-i^ qj^ fic+£2-i^/'2 ^ gy iterating 
this algorithm we can retract continuously fi^^*^^ on il'^+^i . 

The retraction of il'^^'^i on fl'^^'^'^ is obtained in the same way. □ 

Remark 3.7. The hypothesis of finiteness of critical points seems quite restric- 
tive. Indeed, because we have a finite number of vertexes, in many concrete 
examples this assumption is easily verified, as shown in the applications. 

To conclude this section we show some properties of P\ useful in the next. 

Lemma 3.8. (see lemma 4--'ij('v)])- Let X a metric space, A, B two closed 
suhspace of X s.t. B <Z A <Z X; then there exist a formal series Q\ s.t. 

PxiX,A) + PxiA,B) = Px{X,B) + il + X)Qx. (24) 

Proof. We consider the exact sequence relative to the triple X, A, B: 

../-^ H^X,A) ^ mix, B) A H^i^A, B)^ ... (25) 

and we set 

Oq = dim(keri*), 
bq = dim(ker j*), 
Cq — dim(ker 5*). 



By exactness of ( 25 ) we have that 

dimiJ«(X,A) = Qq+Cq-l] 

dim H'}{X,B) = aq + bq; 
<limW{A,B) = bq+Cq, 

thus 

Px{X,A) ^ Er=oK + c,_i)A« 

Px{X,B) = E'Zoia. + b,)^"; 

PxiA.B) = EJ1o(&. + c,)A«- 

So 



OO 



Px{X, A) + PxiA, B) = PxiX, B) + ^(c, + c,_i)A«, (26) 

g=0 

but we can write 

OO CO 
Y,{Cq+Cq^,)\'^ = {l + X)Y,Cq\\ (27) 

q=0 q=0 

and then, by setting Qx — E!^o ^qA^, we conclude the proof. □ 

Lemma 3.9. (see theorem II. 3. 5]) Let M a conical manifold. If M is 
topologically trivial, then also is topologically trivial, thus 

Px{n) = 1. 
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Proof. Obvious. □ 

By lemma [3^ we can formulate the Morse relations for critical levels. 

Theorem 3.10. Let M a conical manifold; let p^q £ M s.t. E admits only a 
finite number of critical points for every sublevel il"^ 

Then, if a and b are regular levels there exists a formal series Q\ such that 

t{k,) = Px{n'',n'') + {i + x)Qx. (28) 

c critical in (a, 6) 

Moreover, if we consider the whole space Q there exists a Q\ such that 

iik,)^Px{n) + {l + X)Qx. (29) 

c critical 

Proof. We know that there is a finite set, say {ci, • • • ,q}, of critical levels in 
[a,b]. We can, by previous theorem, iterate (24 1 obtaining that 

I 

^i(fc,J = PA(r!^'+%f^"^-0 + (l + A)QA. (30) 



Then by deformation lemma we obtain (28 1. 

Finally, by a limiting process, and considering that fl^^ = we can prove 



(29) (we recah that, by definition, Px{n,(l}) ^ Px{^)). □ 



4 Morse Theory For Geodesies 

In this section we will define the Morse index for an isolated geodesies and 
finally prove, as claimed, the Morse relations. Under some a priori bound on 
the number of geodesies, we obtain an analogous of the Morse relations that 
holds in the smooth case. 

Definition 4.1. Let c an isolated critical value. Let kc the set of c energy 
geodesies and let 7 an isolated point of k^. Then 

z(7) =PA(^!^^^^\7) (31) 

To proceed, we need to recall the continuity property of Alexander-Spanier 
cohomology (see [20', Cor. 6.6.3]). 

Theorem 4.2. Let X D A Z) B , X a paracompact Hausdorff space, A, B closed 
in X . Then 

lim_, H'^iU,V) ^ H^A^B). (32) 

{U,V)D{A,B) 

We can prove now the main theorem of this paper. 

Theorem 4.3. Let M a conical manifold, let p,q (z M s.t. E admits only a 
finite set of geodesies for every sublevel fJ"^. 
Then, if a, b are regular values, we have 

Y z(7) = ^A(^^^^^') + (l + A)QA. (33) 

7GS1^ geodesic 



9 



Furthermore, if we consider the whole space we obtain 



J2 *(7) = + (1 + A)Qa. (34) 

7 geodesic 

Proof. We know, by theorem |3 . 10| that 

*(fcc) = PA(f^",f^') + (l + A)QA; 

c critical in (a, fa) 

where 

i{k,)^Px{n^+',n^-n- 

Because the critical point are in a finite number, we can choose d s.t., if 
i ^ j, B{ji,d) n B{'fj,d) = 0. Setting Bk^{d) = U^efc, -^tj we have obviously, 
by the second deformation lemma, that il"^^*^ ~ fi"^ \ _Bj.^ (d) , thus 

Then, by the continuity property of the Alexander-Spanier cohomology (Thco- 



4.2 ) we have 
To obtain the proof we want to show that 

H* {n", n'= \ Bk, (d)) ~ H* (^^^ n'= \ /tc). 

It's easy to see that both fl'^ \ Bk^ (d), fi"^ \ kc are locally contractible subsets, so 
there is an isomorphism between Alexander-Spanier and singular cohomology 
H* (see [201 Chap. 6, Sec. 9]). Furthermore, according to Definition 3.1 we are 



working with coefficient in a field F, so there is also an isomorphism between 
H* and Hom(5*) (see pOl Th.5.5.3]). So it is enough to show that 

Hom(i/, (fl^ f]'^ \ BkSd))) ^ Hom(i?,(r2^17'= \ k^)). 

Given w G 7J*(r2'^, il"^ \ kc), we know that lu £ iJ*(il'^, ff^ \ Bk^{d)) for a suffi- 
ciently small d, because lj has compact support. So 

\ k^) = iim^ i/,(f7^i7= \ ^^^(d)), 

d 

but i/*(r2^, fi"^ \ Bk^{d)) is definitely constant in d, thus we have that 

i^*(^7^^^'= \ Sfc,(d)) n^n^^n'^ \ fc^). 

We proved that 

Finally, by excision, we obtain 

PA(^!^ \ fee) = Px{^', \ 7) = E *(^) 



that proves ( 33 ) . As usual by a limiting process we prove ( 34 ) . □ 
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Remark 4.4. Following the proof of the above theorem, it's easy to see that, if 
kc — {7}, then i{kc) = 1(7), so the definition of index for a geodesic and for a 
critical set are compatible. 

By the index we can also define the multiplicity of a critical point. 
Definition 4.5. Let 7 an isolated critical point of energy. Then 

mult (7) = i(7)|A=i- 

It is well known that the geodesies with high multiplicity are unstable in 
smooth manifolds, i.e. up to small perturbations of extremal points p and q we 
can find only isolated geodesies, that have multiplicity 1. For conical manifolds 
this is false. 

We will show in the next example, that in some cases, given p, g on a conical 
manifold M, there exists a geodesic 70 with mult(7o) > 1 joining them; for 
a sufficiently small change of the boundary data p, q we will obtain another 
geodesic with the same multiplicity of 70. 

Example. Let C be a 2-dimensional Euclidean half cone embedded in R^; let 
p, q be two points of C and let v be its vertex. We want to estimate the number 
of standard geodesies between p and q. 

V 















\. qy ' yy 





Figure 2: Geodesic on a Cone. 



We represent C as a circular sector in the plane: let a be the wideness of 
the sector; we see that, if a is sufficiently small, there are many regular geodesic 
joining p and q (see, for instance [ 131 exercise 6, section 4-7]), and the number 
of these geodesies depends on p, q and a. If a is bigger than tt, on the contrary, 
we have an unique geodesic joining p and q. We can also observe that all these 
curves have different energies, and that they are shorter than the broken straight 
line 7o, which joins p to v and v to q, as shown in Fig [2] Because the cone is 
flat, any one of these geodesies has Morse index 0. In this case classical Morse 



theory fails, in fact P\ — 1, because the cone is contractible (see lemma 3.9 1, so 



"(T-') = n = 1 + (1 + A)Qa (35) 
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and so there will be at least n — 1 geodesies whose Morse index is 1: this is 



a contradiction. If use our definition of generalized geodesic (Definition 1.2) 
to estimate the number of critical points of energy, we see that we must con- 
sider all the classical geodesies 71,..., 7„, plus the broken geodesic 70 (up to 
reparametrization) . The critical levels are all distinct, so every geodesic is iso- 



lated and we can apply (34), which states that Morse relations hold. These 
estimates give us that 

n + i{jo) = l + il + \)Qx, (36) 

then 

Qx = n-1 + Rx, (37) 

where R\ is a formal series with non negative coefficients. 
So 

«(7o) > («-l)A, (38) 

and 

mult(7o) > (n- 1). (39) 

As claimed, we have a geodesic 70 with an high multiplicity. If we look at 
the definition of this curve, we have obviously that mult(7o) is stable for small 
perturbations of p and q. 

The above example gives us also a geometrical interpretation of multiplicity, 
in fact, if we smooth C, classical Morse theory holds, and we will see exactly 
mult(7o) geodesies appearing. We can think that, is some sense, this geodesies 
accumulates in 79. 

Furthermore mult (70) depends on the wideness a and it is zero if a > tt. We 
have a change of topology of the energy sublevels only when mult(7o) ^ 0; this 
fact allows us another consideration that we clarify with the following example. 

Example. Let A-I = be endowed with the usual scalar product and let v = 
(0, 0), p = (0, 1), q = (1, 0); obviously, the unique Riemannian geodesic between 
p and q is the straight line pq. 

We can also consider M as a conical manifold with vertex v, according to 
definition |1.1| We see that also the broken line pvq is a geodesic following 
this fact seems artificial. By Morse relations we prove that 



hi 



definition 

i{pvq) = 0, in fact, i{pq) = 1, and P\ = 1, thus 

iipvq) + l = l + il + X)Qx. (40) 

Then even mult(pf q) = 0. The geodesic pvq, thus, does not affect the structure 
of the sublevels of energy: the multiplicity of a curve allows us to distinguish 
the geodesies as pvq from the ones that are meaningful critical points of energy. 

This example shows that, by the multiplicity, we also recover the geometrical 
meaning of geodesic that we lost in the starting definitions. 



5 Comparison with weak-slope approach 

To complete the our study about geodesies, we want to compare our approach 
with Degiovanni-Marzocchi-Morbini one. These authors in [T^l [IH| study the 
problem of finding geodesies in manifolds with boundary by using the weak slope 
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theory; under certain hypothesis on the conical manifold, both approaches are 
possible. We'll see that there is a strong bound between these theories, and we'll 
be able to recover a regularity result. Let M be a conical manifold embedded 
in K", and assume that M is the Lipschitz boundary of an open convex set 
A C K". Let C = M" \ ^, and let p,q e M C C. We set the functional space 

X = {je H\[0, 1] , C), 7(0) = p, 7(1) = q}, 
and we define a functional 

J : L2([o, 1],M») ^ MU {cx)}. 



^(7) = 



foo otherwise. 



(41) 



in order to have the P.S. condition for every sublevel J*^. 

Definition 5.1. A curve 7 is a critical point of J iff |dJ|(7) — 0, where \dJ\ is 
the weak slope introduced in [11 . 

We have that 

Theorem 5.2. Let 7 e X be a critical point for J . Then 

• |7'| is constant almost everywhere. 

• V(a, 6) C [0, 1] we have that 7' e BV{{a,b),W^) and there exists a finite 
Borel measure fx on (a, b) and a bounded Borel function v : (a, 6) — > M" 
s.t v{s) € N^(^s-jC (the Clarke normal cone to C) for p a.e. s G (a, b) such 
that 

\'y'\ds = i/Sdfi 



V(5 G W^'^ {{a, b), ]&."•) (i.e. in a distributional sense 7" = vdfi) 

Proof. This theorem is a reformulation of 12, th.3.5] and|18[ th.2.10], which we 
refer to. □ 

We can prove now the following proposition, that states a link between our 
approach and weak slope one. 

Proposition 5.3. Let M be a conical manifold as above, and letp,q G M. Let 
E be defined as usual in Q). Suppose that exist a 7 G 51 and an e > s.t. 7 
is the unique geodesic (in the sense of Definition 1.2) in the strip r^c^ei where 
c^Ei-f). 

V iil) 7^ 0; then j is a critical point of J in sense of weak slope, i.e. 
|dJ|(7) = 0. Furthermore 7 has the regularity properties of theorem 5.2 

Proof. Obviously J{'y) ~ E^-f) — c. Given e as in the hypothesis, we know that 
57^+"^ 9^ rt'^^'^ . We can easily see that, by a convexity argument, J° ~ ff^ for all 
a G M: thus, it must exist a /3 G Jc-I S-*- M-^K/^) — and, again by convexity, 
/3([0, 1]) C M. We apply theorem 5.2 and we obtain tha t \(3' \ is constant a.e.. 



then /3 is a generalized geodesies according to Definition 1.2 Also, /3 G il 



by hypothesis, 7 is the unique geodesic in ^^-1^ so /? = 7. The proof follows 
immediately. □ 
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6 A final remark 



We have introduced this theory to solve a problem arising in a natural way: 
what is a geodesic on a cone? Although the answer is obvious for minimal ones, 
a general definition is difficult. To overrides this obstacle, we have introduced 
a large class of generalized geodesies in Definition |1.2[ 

At a first sight our definition seems a little bit artificial, but the existence 
of a Morse theory and the examples provided in the last section, suggest that 
this definition is appropriate to our purpose. Indeed, when a geodesic has a 
positive index then there is a change in the topology of energy sublevels: these 
generalized geodesies can be considered as critical points, at least in a topological 
sense. This fact has two peculiarities. 

First, a generalized geodesic is suitable for the global variational approach. 

Second, we have a criterion to establish when a generalized geodesic is geo- 
metrically meaningful. In fact, even if our definition might introduce "artificial" 
geodesies, as we have shown in Example |4] the index theory states that these 
curves are not critical points of energy; namely, they have multiplicity. 

Furthermore, if M is a conical manifolds which is a Lipschitz boundary of a 
convex open set in K", a geodesic 7 with non zero index is a critical point even 
according to Degiovanni, Marzocchi and Morbini approach. 
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